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Introduction
Steel pipes are a common option as a foundation for buildings on unstable ground 
(Hoback and Truman 1993). The boreholes must be drilled in such cases to ensure the 
static requirements of the building. It is reasonable to use them for geothermal purposes, 
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or low mass flow rates. The optimization is carried out for three objectives: Maximum 
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coefficients. Increasing the inner pipe radius results in decreased hydraulic losses in the 
inner pipe but increased losses in the circular ring. The net-exergy difference is a key 
performance indicator and combines thermal and hydraulic calculations. It is the dif-
ference between thermal exergy flux and hydraulic effort. The Reynolds number in the 
circular ring is instead of the mass flow rate constant during all optimizations. The result 
from a thermal perspective is an optimal width of the circular ring of nearly zero. The 
hydraulically optimal inner pipe radius is 54% of the outer pipe radius for laminar flow 
and 60% for turbulent flow scenarios. Net-exergetic optimization shows a predominant 
influence of hydraulic losses, especially for small temperature gains. The exact result 
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optimum as a secondary criterion due to the dominating hydraulics.
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too. Steel pipes can be geothermally activated, for example, by using them as a single or 
double U geothermal probe (Gashti et al. 2014). Coaxial pipes are another option (Reger 
et  al. 2019, 2020). The main advantages of coaxial pipes are a fully thermally activated 
steel pipe and avoidance of concrete use. Since static purposes design the steel pipe, it has 
fixed outer dimensions. So, improving options are limited to the inner pipe. In particular, 
the inner radius can serve as a primary parameter for thermal, hydraulic, and net-exergy 
optimization purposes. Net-exergy serves to combine thermal and hydraulic results.

Previous studies have determined the influence of inner pipe radius considering ther-
mal (Iry and Rafee 2019; Zanchini et al. 2010) or hydraulic perspectives (Iry and Rafee 
2019; Yekoladio et  al. 2013). Thermal studies have shown that inner pipe radius and 
mass flow rate should be as big as possible (Iry and Rafee 2019; Zanchini et al. 2010). A 
hydraulic optimal inner pipe radius has been proposed to be about 0.65 times the outer 
pipe radius for turbulent flows (Iry and Rafee 2019; Yekoladio et al. 2013) and 0.68 for 
laminar flows (Yekoladio et al. 2013). Here, a constant mass flow rate is assumed, and 
different pipe surface roughnesses are neglected. One option to combine these influ-
ences is exergy. The combined research based on exergy has also been done (Alimonti 
et  al. 2020; Yekoladio et  al. 2013). This research has focused on the calculation of the 
exergy efficiency and not the optimization.

One problem with constant mass flow rates is that the Reynolds number correspond-
ing to the optimal result cannot be determined beforehand. Therefore it is not clear 
whether the used calculation method for hydraulic losses is valid for the resulting Reyn-
olds number. In this study, in contrast, optimization is based on a set of constant Reyn-
olds numbers in the circular ring to ensure comparable flow conditions. Therefore, flow 
conditions are either laminar or turbulent in the circular ring, which ensures valid cal-
culations. The mass flow rate is set to the minimum mass flow rate required. This set-
ting ensures that the given flow conditions are fulfilled. Consequently, no unnecessary 
hydraulic loss is caused. The mass flow rate now depends on inner pipe radius and Reyn-
olds number and is no longer constant during calculations.

Based on a constant Reynolds number, hydraulic effort, thermal heat fluxes, and 
net-exergy difference are optimized. As net-exergy, the thermal exergy flux minus the 
hydraulic effort (pure exergy) is considered. The net-exergy optimization is carried out 
to optimize thermal gains and hydraulic effort simultaneously. Since hydraulic or ther-
mal optimum alone are not decisive, this allows the determination of a combined opti-
mum. Improvements to the approach in existing literature are pointed out, especially for 
the hydraulic perspective. The influence of surface roughness on the hydraulic optimum 
is investigated additionally. Net-exergy is used to compare hydraulic and thermal results. 
The main innovation is a more general statement than in previous publications on the 
optimal dimensioning of coaxial heat exchangers based on comparable flow conditions.

Methodology
Figure 1 shows a sketch of a foundation pile with a coaxial heat exchanger and the corre-
sponding geometric parameters. These are: an inner radius of inner pipe ( ri ), an inner pipe 
thickness ( δ ), outer radius of inner pipe ( ri ), inner radius of outer pipe ( ra ) and outer pipe 
radius of outer pipe ( ro ) as well as thermal conductivity of inner pipe ( �p ) and outer pipe ( �c).
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In Table 1 the parameter values for all calculations are shown. To ensure the generaliz-
ability of the results dimensionless variables are defined. These are: a dimensionless inner 
radius ( c ), a dimensionless mean inner radius ( cm ) and Standard Dimension Ratio ( SDR ) 
based on DIN (2011). They are defined as follows:

(1)c =
ri

ra

(2)cm =
ri −

δ
2

ra

Fig. 1  Sketch of a coaxial geothermal heat exchanger with an outer radius of inner pipe ( ri ), an inner pipe 
thickness ( δ ), inner radius of inner pipe ( ri  ), an inner radius of outer pipe ( ra ) and an outer pipe radius of outer 
pipe ( ro ) as well as an inner pipe thermal conductivity ( �p ) and an outer pipe thermal conductivity ( �c)

Table 1  Used variables

Variables Values Units Source

Relam 1000 [-] (Kratz et al. 1931)

Pr 26 [-] (pro 2016)

�steel 60 [W/(m K)] (VDI 2010-06)

�plastic 0.42 [W/(m K)] (VDI 2010-06)

�brine 0.513 [W/(m K)] (pro 2016)

ksteel 2 [mm] (White 2011)

kplastic 0.0015 [mm] (White 2011)

ρ 1036 [kg/m3] (pro 2016)

ν 3.35× 10−6 [m2/s] (pro 2016)

cp 3880 [J/(kg K)] (pro 20)

Te 10 [◦C]
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The Reynolds number for the circle ring ( Rec ) and inner pipe ( Rep ) are defined by the 
following equations (Nakayama and Boucher 1999a):

using

using

Hydraulic optimization

The objective of hydraulic optimization is to minimize power demand caused by hydrau-
lic losses due to fluid friction. These hydraulic losses are directly dependent on the mass 
flow in the coaxial heat exchanger.

Power demand ( Phydr ) for a volume flow rate ( ̇V  ) or mass flow rate ( ṁ ) in a coaxial heat 
exchanger with hydraulic losses ( �pcoax ) is defined as (Nakayama and Boucher 1999b):

Hydraulic losses in the heat exchanger can be calculated based on Eq. 9 (Nakayama and 
Boucher 1999b):

with 

�p	� friction factor of inner pipe
�c	� friction factor of circular ring
dhyd,p	� hydraulic diameter of inner pipe
dhyd,c	� hydraulic diameter of circular ring
vp	� fluid velocity in inner pipe
vc	� fluid velocity in circular ring
ρ	� density of fluid
L	� length of geothermal pipe

(3)SDR =
2 · ri

δ

(4)Rec =
vc · dhyd,c

ν
=

ṁ · 2 · ra · (1− c)

ρ · ν · π ·
(

12 − c2
)

· r2a
=

2 · ṁ

ρ · ν · π · ra · (1+ c)

(5)dhyd,c =2 · (ra − ri)

(6)Rep =
vp · dhyd,p

ν
=

ṁ · 2 · ra ·
ri
ra

ρ · ν · π · r2a ·
(

ri
ra

)2
=

2 · ṁ

ρ · ν · π · ra · c ·
(

1− 2
SDR

)

(7)dhyd,p = 2 · ri

(8)Phydr = �pcoax · V̇ = �pcoax ·
ṁ

ρ

(9)�pcoax =

[

�c

dhyd,c
· v2c +

�p

dhyd,p
· v2p

]

·
ρ

2
· L
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The resulting equation is with the hydraulic diameter (Eqs. 5 and 7) and the dependency 
between mass flow rate, cross-sectional area ( A = π · r2 ) and velocity v ( v = ṁ

ρ·A):

Reynolds numbers of the circular ring are fixed at Rec,lam = 1000 for laminar flows based 
on Kratz et al. (1931) and Rec,turb = 10000 for turbulent flows based on VDI e.V. (2010) 
to ensure a good thermal response. The mass flow rate as a function of Reynolds number 
can be calculated with:

Hydraulic losses can be calculated using the resulting mass flow rate (Eq. 11) in Eq. 10:

The resulting power demand is:

The equation can be simplified using dimensionless inner pipe radius ( c ) and Standard 
Dimension Ratio ( SDR):

Density ( ρ ), critical Reynolds number ( Rec ), kinematic viscosity ( ν ) and outer pipe radius 
( ra ) are assumed to be constant:

(10)
�pcoax =

[

�c

2 · (ra − ri)
·

(

ṁ

ρ · π ·
(

r2a − r2i
)

)2

+
�p

2 · (ri − δ)
·

(

ṁ

ρ · π · (ri − δ)2

)2]

·
ρ

2
· L

(11)
Rec =

vc · dhyd,c

ν
=

ṁ

ρ·π ·
(

r2a−r2i
) · 2 · (ra − ri)

ν
=

2 · ṁ

ρ · π · ν · (ra + ri)

⇔ ṁ =
Rec · ρ · π · ν · (ra + ri)

2

(12)

�pcoax =

[

�c

2 · (ra − ri)
·
ρ

2
·

(

Rec · ρ · π · ν · (ra + ri)

2 · ρ · π ·
(

r2a − r2i
)

)2

+
�p

2 · (ri − δ)
·
ρ

2
·

(

Rec · ρ · π · ν · (ra + ri)

2 · ρ · π · (ri − δ)2

)2]

· L

=

[

ρ · (Rec · ν)
2

16

(

�p · (ra + ri)
2

(ri − δ)5
+

�c

(ra − ri)
3

)]

· L

(13)

P = �pcoax · V̇

=

[

ρ · L · (Rec · ν)
2

16

(

�p · (ra + ri)
2

(ri − δ)5
+

�c

(ra − ri)
3

)]

·

Rec
2 · ρ · π · ν · (ra + ri)

ρ

(14)P =
ρ · π · L · (Rec · ν)

3

32 · r2a
·







�p · (1+ c)3

c5 ·
�

1− 2
SDR

�5
+

�c · (1+ c)

(1− c)3






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With these assumptions a dimensionless power factor ( K  ) can be defined:

Minimizing the dimensionless power factor ( K  ) is sufficient to minimize power demand. 
Consequently, Eq. 17 defines the final objective function for the hydraulic minimization 
problem.

The derivative of the objective function results in a polynomial function of grade 6. An 
analytical solution to the minimization problem is impractical. A numerical approach is 
chosen based on a Sequential Quadratic Programming (SQP) algorithm implemented 
in Matlab’s ’fmincon’ function (Mat 2019). More information on SQP as one of the most 
effective methods for nonlinearly constrained optimization problems” can be found in 
Boggs and Tolle (2000) and Daras (2012). A Matlab script is set up to evaluate the opti-
mization problem for several parameter sets (see Table 4 for all scenarios).

Initial value of c for minimization in all scenarios is set to c0 = 0.9 . This value is 
nearly the end of the valid range and resulting in good gradients for minimization.

The friction factors are unknown. Three cases are evaluated to estimate possible 
values. These cases are laminar flow (laminar), turbulent flow outside rough regime 
(turb.), and rough regime turbulent flow (turb. r.r.).

For the laminar flow case the friction factors for pipe ( �p ) and circular ring ( �c ) are 
defined according to White (2011) as:

Ratio of the Reynolds numbers for pipe ( Rep ) and circle ring ( Rec ) can be formulated as:

The resulting minimization function by inserting Eqs. 18 and 19 in 17 is:

(15)P = C ·







�p · (1+ c)3

c5 ·
�

1− 2
SDR

�5
+

�c · (1+ c)

(1− c)3







(16)K :=
P

C
=

�p · (1+ c)3

c5 ·
(

1− 2
SDR

)5
+

�c · (1+ c)

(1− c)3

(17)min[K (c)]∀c∈(0,1) = min







�p · (1+ c)3

c5 ·
�

1− 2
SDR

�5
+

�c · (1+ c)

(1− c)3







∀c∈(0,1)

(18)�p =
64

Rep

(19)�c =
64

Rec
·
(1− c)2 ·

(

1− c2
)

1− c4 −
(1−c2)

2

ln (1/c)

(20)Rec

Rep
=

c ·
(

1− 2
SDR

)

1+ c
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For turbulent flows in the circular ring and inner pipe the friction factor can be calcu-
lated with (Moody and Princeton 1944):

The hydraulic diameters can be written as a function of the inner radius of the outer pipe 
( ra):

Surface roughness of inner pipe ( kp ) and outer pipe ( ka ) are used to define a medium 
surface roughness ( kc ) for the circular ring. This is based on circumference:

An iterative solution of Eq. 22 for � is necessary to formulate friction factors outside the 
rough regime. It is carried out programmatically. In both cases, the resulting friction fac-
tors can be used in Eq. 17 to complete the objective function for the optimization.

For hydraulic calculations, a reference case (Index st.) is defined based on Reger 
et al. (2020). To analyze sensitivities, every parameter in the reference case is varied. 
Parameter values and variation ranges can be found in Table  2. Values for SDR are 
chosen according to EN 12201-2 (DIN 2011).

The equations of Yekoladio et al. (2013) are extended with an SDR term to compare 
the new results with those using a fixed mass flow rate. The optimization is performed 
for these equations as well. The resulting equation for laminar flow types is:

The resulting equation for turbulent flow types is:

(21)

min [K (c)]∀c∈(0,1)

=min











(1+ c)2

c4
�

1− 2
SDR

�4
+

(1+ c)

(1− c)3
·
(1− c)2 ·

�

1− c2
�

1− c4 −
(1−c2)

2

ln
�

1
c

�











∀c∈(0,1)

(22)
1

√
�

= −2 · log

(

2.51

Re ·
√
�

+
k

3.72 · dhyd

)

(outside rough regime)

(23)
1

√
�

= −2 · log

(

k

3.72 · dhyd

)

(in rough regime)

(24)dhyd,p =

(

1−
2

SDR

)

· c · 2 · ra

(25)dhyd,c = (1− c) · 2 · ra

(26)kc :=
ka · 2π · ra + kp · 2π · ri

2π · (ra + ri)
=

ka + c · kp

1+ c

(27)
K (c) =

1−c
1+c

1− c4 −
(1−c2)

2

ln
(

1
c

)

+
1

c4 ·
(

1− 2
SDR

)4
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According to Yekoladio et al. (2013) both friction factors ( �c , �p ) are set to 1.

Thermal calculations

The concept of borehole resistances by Hellström is used for thermal calculations 
(Hellström 1991). This concept is used because of its less complexity and the ability to 
neglect earth properties. These properties are neglected since the earth properties are 
not depending on the inner pipe dimensions.

The first considered resistance is internal borehole resistance ( Ra ) to model thermal 
short circuit heat transfer. The second resistance is the borehole resistance ( Rb ) as an 
indicator for collected heat from the ground. Hellström (1991) defines the internal 
borehole resistance Ra for coaxial geothermal pipes as:

Borehole resistance Rb is defined by Hellström (1991):

Total borehole resistance ( R∗
b ) combines both influences and is defined by Gehlin (2002); 

Huber (2018) as follows:

(28)K (c) =
�c

(1− c)3 · (1+ c)2
+

�p

c5 ·
(

1− 2
SDR

)5

(29)Ra =
1

2 · π · c ·
(

1− 2
SDR

)

· ra · αi(c)
+

ln

(

1

1− 2
SDR

)

2 · π · �p
+

1

2 · π · c · ra · αo(c)

(30)Rb =
1

2 · π · ra · αo(c)
+

ln
(

ro
ra

)

2 · π · �c

Table 2  Overview of modified parameters and variation range for hydraulic optimization

Parameters Unit Reference case(st.) Range/variation Abbreviations

ri [m] – [0.01:0.99]

SDR [−] 11 6 7.4 9 11 13.6

17 21 26 33 41

flow type [−] Turbulent Laminar

Turbulent rough regime

Re [−] 10000 1000 Rec,lam

4000 Rec,min

100000 Rec,max

L [m] 20 5 Lmin

100 Lmax

ra [m] 75 39 ra,min

240 ra,max

k [−] Plastic/steel Steel/plastic kswitch

Steel/steel ksteel

(Inner pipe/outer pipe) Plastic/plastic kplast



Page 9 of 23Blanke et al. Geotherm Energy            (2021) 9:19 	

with L as borehole depth, mass flow rate ṁ and heat capacity cp . αi and αo are the convec-
tive heat transfer coefficients of the inner pipe and circular ring.

Best thermal performance corresponds to the lowest total borehole resistance ( R∗
b ) 

since there are no other ways of heat transmission (radiation, further convective pro-
cesses...) to be considered. Convective heat transfer coefficients are calculated by 
using Nusselt number Nu (VDI e.V. 2010):

with the hydraulic diameter dhyd,k for k ∈ {c, p} and the thermal conductivity of the fluid 
�.

The Nusselt number calculation differs between laminar flow and turbulent flow 
and between pipes and circular rings. Nusselt number is calculated according to 
Gnielinski (VDI e.V. 2010). Nusselt depends on Prandtl number (Pr), Reynolds num-
ber, inner to outer pipe radius ratio, different radii, and the borehole length.

Similar to the hydraulic calculations a range of variations is carried out for sensitiv-
ity and validation purposes (see Table 3).

These calculations are also performed for a fixed mass flow rate to compare the new 
approach to the old one. Therefore the mass flow rate for a dimensionless inner radius 
( c ) of 0.5 is calculated and set constant.

(31)R∗
b(c) = Rb(c)+

L2

3 · Ra(c) · ṁ(c)2 · c2p

(32)Nuk =
αk · dhyd,k

�

Table 3  Overview of modified parameters and variation range for thermal calculations

Parameters Units Reference case (st.) Range/variation Abbreviations

ri [m] – [0.01:0.99]

SDR [−] 11 6

41

flow type [−] Turbulent (turb.) Laminar

Turb. r. r. (rough regime)

� [W/(m K)] Plastic/steel Steel/plastic �switch

Steel / steel �steel

(Inner/outer pipe) Plastic / plastic �plast

ra [mm] 75 39 ra,min

240 ra,max

ro [mm] 85 45 ro,min

250 ro,max

L [m] 20 5 Lmin

100 Lmax

Re [−] 10000 1000 Rec,lam

4000 Rec,min

100000 Rec,max
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Exergy difference maximization

In practical applications, thermal effects cannot be adequately evaluated if hydraulic 
effects are neglected and vice versa. For a combined analysis, exergy is an appropriate 
indicator.

An exergy optimization is carried out using exergy balance by Alibaba et  al. (2020) 
using a logarithmic mean temperature difference (Mistry and Misener 2016):

Hydraulic power ( Phydr ) is calculated as explained in section hydraulic optimization. 
Heat flux ( ̇Qgeo ) and outlet temperature ( Tout ) are calculated as explained in Eq.  34 
and 36, respectively. Earth temperature ( Te ) is assumed to be 10◦C and inlet temperature 
( Tin ) depends on the considered case explained later. 10◦C is the yearly average ambient 
temperature for many locations in Germany (AM Online Projects 2021). Temperature 
gradient over depth of typically 3 K per 100 m is neglected, because in the proposed 
applications the probe length is typically limited to 100 m.

The heat flux of coaxial heat exchanger is defined as difference in enthalpy flow of inlet 
and outlet (VDI e.V. 2010):

The heat flux entering the system must equal the heat flux leaving the system, consider-
ing a stationary system. Q̇geo can therefore be calculated based on Hellström (1991) with 
a linearized fluid temperature. Resulting error is less than 10−6 compared to a logarith-
mic temperature:

with Rg as thermal ground resistance and R∗
b as total borehole resistance calculated as 

explained in section thermal calculations. Combining Eqs. 34 and 35 yields to:

The optimization uses the same optimizing algorithm as in section hydraulic optimiza-
tion. Starting point is c = 0.8. Calculation is done for SDR values from 6 to 41 and ther-
mal ground resistance ( Rg ) values from 0.05 m K/W to 0.3 m K/W. An inlet temperature 
difference above earth temperature of �T = Tin − Te = 5K and �T = 20 K is assumed 
for laminar flows. �T = 20 K as well as �T = 50 K above earth temperature is assumed 
for turbulent flows.

These calculations for an �T = 20 K are also performed for a fixed mass flow rate. 
Therefore the mass flow rate for a dimensionless inner radius ( c ) of 0.5 is calculated and 
set constant. Furthermore, the hydraulic calculation of Yekoladio et al. (2013) is consid-
ered extended by an SDR term.

(33)max(Ėex)∀c∈(0,1) = max







1−
Te · ln

�

Tin
Tout

�

Tin − Tout



 · Q̇geo − Phydr





∀c∈(0,1)

(34)Q̇geo = ṁ · cp · (Tin − Tout)

(35)Q̇geo =

L ·

(

Tin+Tout
2 − Te

)

R∗
b + Rg

(36)Tout =

(

ṁ · cp −
L

2·(R∗b+Rg)

)

· Tin +
L

R∗b+Rg
· Te

ṁ · cp +
L
2·R
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Results and discussion
Hydraulic results

Figure  4 shows the hydraulic results. In contrast to thermal considerations (“Ther-
mal results” section) the hydraulic optimization results in an optimal ratio ( c ). These 
results can be explained by increasing hydraulic losses in the circular ring for large 
values of c and increasing hydraulic losses in the inner pipe for low values of c . For a 
given Reynolds number and the determined optimal c , Eq. 11 yields the correspond-
ing optimal mass flow rate ṁ.

SDR

Results in Fig. 2a show a reciprocally proportional decreasing optimal inner to outer 
pipe ratio ( copt ) with an increasing Standard Dimension Ratio ( SDR ). This decrease 
is partly since dimensionless inner pipe radius copt is defined as the inner pipe’s outer 
radius. So, when inner pipe thickness decreases ( SDR increase), the outer radius of 
the inner pipe decreases as well. Subtracting half of the dimensionless pipe thickness 
from copt yields cm,opt as a measurement for the inner pipe’s middle radius. Figure 2a 
shows that the dimensionless middle radius of the inner pipe increases with SDR for 
turbulent flows. In all cases, it converges towards the outer radius of the inner pipe 
for very high SDR values or small pipe thicknesses. For SDR values close to 2 (inner 
pipe thickness close to ri ), cm,opt converges towards 0.5 in all scenarios, meaning that 
the middle radius of inner pipe is ra/2 and the inner pipe completely fills the room 
in the outer pipe ( ri = ra ). In practice, only the outer radius of the inner pipe is com-
pared. Therefore, the following examinations consider only copt.

Flow type

Laminar flows result in an optimal inner to outer pipe ratio ( copt ) of ca. 0.55 for high 
Standard Dimension Ratios ( SDR ), for turbulent flows the ratio is ca. 0.62 and for 
rough regime turbulent flows it is ca. 0.61. As discussed in “Thermal results” section, 
the Reynolds number in the inner pipe decreases with increasing c . The fact that copt 
is lower for more turbulent flow types suggests that it is advantageous to transfer the 
Reynolds number increase of the circular ring to the inner pipes Reynolds number.

Material roughness

Figure 2b plots the optimal dimensionless inner radius c over SDR . The figure shows the 
optimal dimensionless inner radius for the flow types rough regime turbulent flow and 
turbulent flow and all possible material combinations. For turbulent flow types, the same 
pipe material on outer and inner pipe results for plastics in a lower optimal c than steel. 
When two different materials are combined, the optimum radius is not between individ-
ual materials’ optima. Instead, the optimum in the standard case (i.e. plastic as inner pipe 
material) shifts significantly towards smaller radii than the optima of sole steel or plas-
tic set-ups. Besides, the optimum shifts towards larger radii for the switched case (with 
steel as inner pipe material). This shift can be explained by the following connection:

Equation 26 defines the circular ring’s roughness as a mean roughness in between 
both materials roughnesses. When the material for the inner pipe has a low roughness 
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(plastic or standard case), the inner pipe’s roughness is certainly less than in the cir-
cular ring. On the other hand, the circular ring’s roughness is less than in the inner 
pipe when the inner pipe consists of steel (switched case). The optimal dimension-
less inner radius shifts to increase the hydraulic diameter for the section with higher 
material roughness for different materials. By doing so, the influence of wall rough-
ness on the overall flow reduces. This reduction is because wall roughness only affects 
flow regions close to the surface. Also, the shift increases the velocity in the section 
with low wall friction and reduces it in the area with higher friction. Different pipe 
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Fig. 2  Results of hydraulic optimization (a Influence of flow type and SDR , b Influence of material, c Influence 
outer pipe radius) Influence of several parameters on optimal hydraulic results for laminar and turbulent 
flows a Optimal inner pipe radius copt as well as optimal inner pipe middle radius cm,opt for different flow 
types over standard dimension ratio SDR for fixed Reynolds numbers and fixed mass flow rates ( ṁ ). Reference 
case. b Optimal inner pipe radius copt calculated with the smallest outer pipe radius ro ,min for all material 
combinations over SDR c Deviation �copt of optimal inner pipe radius from the results in b when calculating 
with the largest outer pipe radius ro ,max for all material combinations over SDR
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materials’ influence is more significant in rough regime turbulent flows since friction 
losses are higher than in only turbulent flows.

Outer pipe radius

Results in Table 4 and Figure 2c show that the outer pipe’s outer radius does not signifi-
cantly influence the optimal dimensionless inner pipe radius. When the inner and outer 
pipe consist of the same material, the change in c resulting from different outer pipe radii 
does not exceed 0.004. Where the materials of inner and outer pipe differ, there is a small 
shift of c (maximum: �c = 0, 03 ). For steel as outer pipe material (standard case), this 
effect is directed towards bigger radii for bigger outer pipe radii. In case the outer pipe 
consists of plastic (switched case), the shift is smaller and directed towards smaller radii.

In the switched case, the quotient of the friction factors �p/�c decreases very 
slightly towards 1 (equal friction factors in inner pipe and circular ring) with increas-
ing ra . Consequently, the influence of roughness on optimal radius decreases as well. 
For the standard case, �p/�c increases slightly from below 1 towards equal friction 

Table 4  Hydraulic results as optimal dimensionless inner pipe ratio over different Standard 
Dimension Ratios ( SDR ) and different cases

Mat. ra SDR

6 7.4 9 11 13.6 17 21 26 33 41

Laminar

- - 0.6321 0.6121 0.5977 0.5862 0.5767 0.5690 0.5632 0.5586 0.5546 0.5517

Turbulent

Plastic rmin 0.7111 0.6901 0.6749 0.6627 0.6524 0.6440 0.6378 0.6327 0.6283 0.6252

rm 0.7110 0.6901 0.6749 0.6626 0.6524 0.6440 0.6377 0.6327 0.6283 0.6251

rmax 0.7109 0.6900 0.6748 0.6626 0.6523 0.6439 0.6377 0.6327 0.6283 0.6251

Steel rmin 0.7134 0.6923 0.6769 0.6645 0.6542 0.6456 0.6393 0.6342 0.6297 0.6265

rm 0.7149 0.6938 0.6784 0.6659 0.6556 0.6470 0.6407 0.6355 0.6311 0.6278

rmax 0.7161 0.6948 0.6794 0.6669 0.6565 0.6479 0.6415 0.6364 0.6319 0.6287

Stand. rmin 0.6651 0.6441 0.6289 0.6167 0.6066 0.5983 0.5921 0.5872 0.5828 0.5797

rm 0.6779 0.6570 0.6419 0.6297 0.6196 0.6113 0.6052 0.6002 0.5959 0.5928

rmax 0.6946 0.6739 0.6588 0.6467 0.6366 0.6283 0.6221 0.6172 0.6128 0.6097

Switch rmin 0.7303 0.7097 0.6946 0.6824 0.6723 0.6639 0.6576 0.6526 0.6481 0.6450

rm 0.7291 0.7083 0.6931 0.6809 0.6706 0.6622 0.6559 0.6508 0.6464 0.6432

rmax 0.7256 0.7045 0.6892 0.6767 0.6664 0.6578 0.6514 0.6463 0.6418 0.6386

Turbulent rough regime

Plastic rmin 0.7223 0.7012 0.6858 0.6733 0.6629 0.6543 0.6480 0.6428 0.6383 0.6351

rm 0.7226 0.7014 0.6860 0.6736 0.6632 0.6546 0.6482 0.6431 0.6386 0.6354

rmax 0.7230 0.7019 0.6865 0.6740 0.6636 0.6550 0.6487 0.6435 0.6390 0.6358

Steel rmin 0.7137 0.6926 0.6773 0.6649 0.6545 0.6460 0.6397 0.6346 0.6301 0.6269

rm 0.7156 0.6944 0.6791 0.6666 0.6563 0.6477 0.6414 0.6363 0.6318 0.6286

rmax 0.7178 0.6967 0.6813 0.6688 0.6585 0.6499 0.6436 0.6384 0.6339 0.6307

Stand. rmin 0.6330 0.6100 0.5936 0.5805 0.5696 0.5607 0.5542 0.5489 0.5443 0.5410

rm 0.6413 0.6184 0.6020 0.5888 0.5780 0.5691 0.5625 0.5572 0.5526 0.5493

rmax 0.6529 0.6301 0.6137 0.6005 0.5897 0.5808 0.5742 0.5689 0.5642 0.5609

Switch rmin 0.7312 0.7106 0.6956 0.6835 0.6734 0.6650 0.6588 0.6538 0.6494 0.6462

rm 0.7307 0.7100 0.6950 0.6828 0.6727 0.6643 0.6581 0.6530 0.6486 0.6455

rmax 0.7300 0.7093 0.6942 0.6820 0.6718 0.6634 0.6571 0.6521 0.6477 0.6445
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factors with increasing ra . Here this indicates a decreasing influence of different mate-
rial roughness with increased outer pipe radius. The shift is increasing very slightly 
with SDR since this also means an increase in effective radius. The effect is more sig-
nificant in turbulent flows than in rough regime turbulent flows because the initial 
influence of different material roughness is larger in this case.

Comparison to fixed mass flow rates

Figure 2a shows the results of the optimization with a fixed mass flow rate. The results 
show a higher optimal dimensionless inner pipe radius for laminar flow types than 
for turbulent flow types. The laminar flow type optimum is 24% larger on average for 
fixed mass flow rates compared to fixed Reynolds numbers. This influence is with 
7.1% smaller for turbulent flow types but still significant.

Approximations

Equation 37 shows an approximation to calculate the optimal dimensionless inner pipe 
radius for laminar flows. Approximation has a root mean square error (RMSE) less than 
0.0011. The y axis intercept of 0.5367 is lower compared to Yekoladio with an intercept 
of 0.683 (Yekoladio et  al. 2013). This lower intercept is because Yekoladio considers a 
constant mass flow rate for optimization instead of a constant Reynolds number. A clear 
dependency on standard dimension ratio (inner pipe thickness) is evident.

Equation 38 shows an approximation to calculate the optimal inner to outer pipe radius 
for turbulent flows. The approximation has a root mean square error less than 0.0226 for 
plastic pipes (switched case) and less than 0.0430 for steel pipes (standard case). RMSE 
is less than 0.0070 for GHEs with both pipes made from steel and an RMSE of 0.0030 for 
two plastic pipes.

Equation 39 shows an approximation to calculate the optimal inner to outer pipe radius 
for rough regime turbulent flows. The approximation has an RMSE less than 0.0207 if 
outer and inner pipe are of same material. RMSE is less than 0.0729 for GHEs with an 
inner pipe of plastic and outer pipe of steel (standard case) and an RMSE of 0.0303 for 
switched materials. In Table 5 equation parameters for the different cases are shown.

For turbulent flows the intercept of 0.6064 and 0.5988 is as well lower than Nakayamas 
result of 0.653 (Nakayama and Boucher 1999a). An inner pipe thickness’s influence on 
the result is also evident here.

(37)copt,lam =
0.5604

SDR
+ 0.5367

(38)copt,turb =
0.6006

SDR
+ 0.6064

(39)copt,turbr.r. =
0.6132

SDR
+ 0.5988
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Thermal results

Figure 3 illustrates that in the laminar case, the total borehole resistance decreases 
with an increasing dimensionless inner radius ( c ). This trend is independent of the 
considered case. Equation  4 shows that an increasing dimensionless inner radius 
results in an increasing mass flow rate, if Rec is kept constant. Additionally, Eq. 20 
shows the ratio between the inner pipe and circular ring Reynolds number, which 
is constantly decreasing with an increasing dimensionless inner radius ( c ). This 
decrease results in lower Reynolds numbers in the inner pipe for larger dimension-
less radii c . Since lower Reynolds numbers inhibit heat transfer, the thermal short 
circuit heat flux decreases with increasing dimensionless inner radii ( c ). Therefore, 
it is plausible that the thermal performance constantly increases towards c ≈ 1 . Total 
borehole resistance for turbulent flow scenarios increases with dimensionless inner 
radius to its maximum at about c = 0.3 . It decreases from there until the minimum 
is reached close to a dimensionless inner radius of c = 1 . The initial increase in the 
resistance appears to be due to calculation inaccuracies for low dimensionless inner 

Table 5  Approximation of hydraulic results following the scheme copt(SDR) = m
SDR

+ b

Case Parameters regression

Material ra Slope m intercept b RMSE

Laminar

– – 0.5604 0.5367 0.0011

Turbulent

Plastic rmin 0.5996 0.6093 0.0010

rm 0.5994 0.6093 0.0010

rmax 0.5992 0.6093 0.0010

Steel rmin 0.6068 0.6105 0.0009

rm 0.6081 0.6118 0.0009

rmax 0.6099 0.6126 0.0010

Stand. rmin 0.5954 0.5639 0.0011

rm 0.5935 0.5770 0.0010

rmax 0.5927 0.5940 0.0010

Switch rmin 0.5959 0.6293 0.0009

rm 0.5997 0.6274 0.0009

rmax 0.6074 0.6226 0.0009

Turbulent rough regime

Plastic rmin 0.6092 0.6191 0.0009

rm 0.6092 0.6193 0.0009

rmax 0.6092 0.6198 0.0009

Steel rmin 0.6064 0.6109 0.0009

rm 0.6073 0.6126 0.0009

rmax 0.6082 0.6147 0.0009

Stand. rmin 0.6407 0.5238 0.0013

rm 0.6414 0.5321 0.0013

rmax 0.6412 0.5438 0.0012

Switch rmin 0.5933 0.6306 0.0009

rm 0.5950 0.6298 0.0009

rmax 0.5973 0.6288 0.0009
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pipe radii in the turbulent case. Even for turbulent cases, the conclusion holds that 
the greatest possible dimensionless inner radius should be chosen for best thermal 
performance.

The result for the optimal inner pipe radius agrees with the previous studies by Iry 
and Rafee (2019) and Zanchini et al. (2010). Hence, the calculations are assumed to be 
valid.

For both SDR variations, R∗
b differs on average by less than 0.7% and at most by 

3% from the standard case. Influence of SDR on the thermal response is therefore 
neglected in further calculations and not shown in the graphs (see Table 6).

0 0.2 0.4 0.6 0.8 1
10-4

10-3

10-2

10-1

a

0 0.2 0.4 0.6 0.8 1
10-4

10-3

10-2

10-1

b

0 0.2 0.4 0.6 0.8 1
10-4

10-3

10-2

10-1

c

0 0.2 0.4 0.6 0.8 1
10-4

10-3

10-2

10-1

d

Fig. 3  Thermal results (a Influence of material (conductivity � ), b Influence of outer borehole radius ro , c 
Influence of pipe length L , d Influence of Reynolds number Rec ) Influence of several parameters on thermal 
performance according to Hellström (1991) for laminar and turbulent flows a Total borehole resistance for 
different materials over dimensionless inner pipe radius c . b Total borehole resistance for different outer pipe 
radii ro over dimensionless inner pipe radius c . c Total borehole resistance for different probe lengths L over 
dimensionless inner pipe radius c . d Total borehole resistance for a set of fixed Reynolds numbers in the 
circular ring Rec and different fixed mass flow rates ( ṁ ) over dimensionless inner pipe radius c
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Materials

Laminar results for the standard case (inner pipe: plastic, outer pipe: steel) differ only 
slightly from results where the inner pipe material is changed to steel as well (average 
difference of 1.8%). In the switched case (outer pipe made from plastic and an inner 
pipe made of steel), results coincide in good approximation to plastic results as the 
material for both pipes. Generally, when the outer pipe consists of plastic, the total 
borehole resistance is more than 83% higher than in the standard case due to lower 
thermal conductivity. These findings suggest that the influence of outer pipe material 
on the thermal response is far greater than the influence of inner pipe material. Only 
the standard case and the case with switched materials are plotted in Fig. 3a, because 
of good readability. In turbulent flows, an outside pipe of plastic leads to an approxi-
mately 35 times higher borehole resistance.

Borehole radius

An increased borehole radius in laminar flows reduces the total borehole resistance 
by 27%. A decrease in borehole radius results in a 16% higher total borehole resistance 
on average (see Fig. 3b). In turbulent flow cases, borehole radius has a less important 
impact on total borehole resistance (− 19% to 4.6%) than in laminar flows. Increasing 

Table 6  Thermal Results as total borehole resistance R∗b [mm K/W] for several scenarios

c[-] �[W/ mK] L[m] SDR[-] ro[m] Rec[-]

Stand. Switch Plastic Steel 100 5 6 41 min max 4 · 10
3 10

5

Laminar

0.010 56.94 104.03 104.03 56.94 92.67 35.06 56.94 56.94 70.38 37.79

0.108 49.55 96.66 96.64 49.56 71.56 31.88 49.54 49.56 58.82 34.19

0.206 44.81 91.94 91.90 44.85 63.43 29.32 44.78 44.83 52.58 31.36

0.304 40.30 87.47 87.40 40.38 56.34 26.77 40.26 40.35 46.88 28.56

0.402 35.74 82.95 82.84 35.85 49.35 24.12 35.70 35.80 41.20 25.66

0.500 31.01 78.25 78.11 31.16 42.23 21.34 30.97 31.09 35.38 22.62

0.598 26.04 73.30 73.14 26.20 34.93 18.35 25.99 26.11 29.36 19.36

0.696 20.72 68.00 67.82 20.90 27.41 15.09 20.68 20.79 23.04 15.81

0.794 14.96 62.24 62.05 15.14 19.66 11.42 14.91 15.01 16.37 11.82

0.892 8.56 55.84 55.66 8.74 11.69 7.05 8.52 8.62 9.25 7.12

0.990 1.25 48.53 48.35 1.43 3.47 1.13 1.22 1.32 1.57 0.92

Turbulent

0.010 1.99 49.09 49.09 1.99 2.08 1.90 1.99 1.99 2.07 1.70 12.25 0.56

0.108 2.42 49.54 49.52 2.44 2.58 2.32 2.42 2.43 2.51 2.12 13.92 0.62

0.206 2.50 49.62 49.60 2.53 2.65 2.40 2.50 2.51 2.58 2.20 13.84 0.63

0.304 2.48 49.61 49.58 2.51 2.61 2.38 2.48 2.49 2.56 2.18 13.30 0.63

0.402 2.38 49.52 49.48 2.42 2.50 2.30 2.38 2.39 2.46 2.10 12.44 0.62

0.500 2.22 49.36 49.32 2.26 2.32 2.15 2.22 2.23 2.29 1.94 11.29 0.59

0.598 1.99 49.13 49.09 2.03 2.07 1.94 1.99 2.00 2.06 1.73 9.86 0.56

0.696 1.69 48.83 48.79 1.74 1.76 1.66 1.69 1.70 1.76 1.44 8.15 0.52

0.794 1.33 48.47 48.43 1.37 1.39 1.31 1.33 1.33 1.39 1.09 6.12 0.47

0.892 0.90 48.04 47.99 0.94 0.94 0.89 0.89 0.90 0.95 0.66 3.70 0.41

0.990 0.39 47.54 47.49 0.44 0.43 0.39 0.39 0.39 0.44 0.16 0.70 0.34
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the outer borehole radius is beneficial for all flow types. This increase was evident 
since a larger radius also means a larger heat transfer area per meter borehole.

Borehole length

For a borehole length of 100 m total borehole resistance is on average 52% higher and 
for a length of 5 m on average 29% lower for laminar case (see Fig.  3c). This result is 
reasonable since total borehole resistance is relative to the unit length of the borehole. 
The thermal yield increases with borehole length, but not linearly, because on the other 
hand, heat losses from up-to downstream per unit length of the borehole increase, too 
(see Eq. 31). This trend is due to larger temperature differences between inner and outer 
pipe for greater borehole length. For turbulent flows, the trend is the same. However, 
with an average difference of + 5.5%/− 2.8% borehole length has a significantly smaller 
influence than in laminar flows.

Flow type

Increasing the Reynolds number and therefore pushing the fluid flow towards tur-
bulent flow improves the thermal response significantly. Turbulent cases have lower 
total borehole resistances in comparison to the total borehole resistance for the lami-
nar case (by 710%, in average) (see Fig. 3d). Even when the flow is already turbulent, an 
increase in Reynolds number still yields improvements on average ≈ 65% better results 
for an increase in Reynolds number of one order of magnitude. This improvements out-
weigh improvements by an increased borehole radius ( ≈ 18% better results for a radius 
increase of 320%) or shorter pipes ( ≈ 3% better results for 1/4 of original pipe length) 
by far. Hence, one of the major influences on thermal performance is the flow type in 
the probe. The curve variation reduces when the Reynolds number increases, suggest-
ing that the performance becomes independent from the inner dimensionless radius and 
more independent on materials.

Comparison to fixed mass flow rates

Figure 3d shows the results of the optimization with a fixed mass flow rate. The results 
show a similar trend as for the optimization with a fixed Reynolds number. Due to 
the chosen design flow rate by c of 0.5 the curves cross at this point. Before the total 
borehole resistance is lower (max. 13% for laminar, max. 24% for turbulent flow types). 
Afterwards, it is higher (max. 5% for laminar, max. 12% for turbulent flow types). This 
influence is due to the change in Reynolds number. In general, the impact is less signifi-
cant compared to the hydraulic optimum. The difference is on average 1.7% for laminar 
and 4% for turbulent flow types. The optimal results stay the same.

Exergetic results

A combination of hydraulic and thermal calculations using net-exergetic optimization 
will be shown. Figure 4a shows the deviation of optimal dimensionless inner pipe radius 
in net-exergy optimization ( copt,exergy ) from the optimum in hydraulic optimization. It is 
plotted over different SDR values and several thermal ground resistances ( Rg ) for lami-
nar and turbulent flows. Figure 4b visualizes the exergetic optimum deviation from the 
hydraulic optimum. It is plotted over ground resistance Rg for different temperature 
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levels for laminar and turbulent flows. It is evident that in all cases, the optimal dimen-
sionless inner pipe radius increases and therefore moves from the hydraulic optimum 
towards the thermal optimum of copt = 1 . The most significant change in copt occurs for 
laminar flows with very low thermal ground resistance. Reducing ground resistance 
moves the optimum closer towards the thermal optimum since thermal yields increase.

For laminar flows, copt increases significantly more to the thermal optimum than for 
turbulent flows. One explanation is that in laminar flows, the hydraulic effort is by far 
less than in turbulent flows. Hence the hydraulic term in laminar flows has a smaller 
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Fig. 4  Exergetic results (a Influence of SDR & ground resistance, b Influence of temperature difference, c 
Exergetic optimum, d Exergetic results) for laminar and turbulent flows a Change of optimal inner to outer 
pipe ratio ( copt ) compared to hydraulic results over Standard Dimension Ratio ( SDR ) and ground resistance 
( Rg ). b Change of optimal inner to outer pipe ratio ( copt ) over ground resistance ( Rg ) and temperature 
difference ( �T  ). c optimal inner to outer pipe ratio ( copt ) over Standard Dimension Ratio ( SDR ) and ground 
resistance ( Rg ) for fixed Reynolds numbers and fixed mass flow rates ( ṁ ). d Exemplary distribution of 
objective function over the range of c and determined optimum copt 
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effect on net exergy transfer than turbulent flows shifting the optimal dimensionless 
inner pipe radius more towards the thermal optimum. Figure 4c even shows that copt in 
the laminar case is shifted beyond the initially higher copt values in the turbulent case. 
Another indicator for the large thermal influence compared to the small influence of 
hydraulics on the laminar optimization result is that copt is virtually independent of SDR 
in exergy optimization for the considered values. This implies that changing SDR has no 
more significant influence on the overall result for values of SDR greater than 10 (pipe 
thickness δ < ri/5).

For turbulent flows, the dependency on SDR also reduces since thermal results have 
proven to be independent of SDR . Nonetheless, the shift of the thermal optimum is 
smaller in turbulent cases than in laminar cases, suggesting that hydraulics are more 
important for the exergetic optimum.

The inlet temperature difference to ground temperature also has a strong influence on 
copt , as shown in Fig.  4b: The greater the temperature difference, the greater the shift 
towards the thermal optimum. This shift is reasonable since the temperature does not 
influence the hydraulic optimum. Therefore, greater temperature differences only 
increase the thermal exergy, resulting in a higher thermal optimum weighting. It is also 
clearly visible that the shift’s size decreases with increasing ground resistance because 
this inhibits thermal processes.

Figure 4d visualizes the optimal solution for one scenario and the solution space dis-
tribution. It is shown that the optimal inner to outer pipe ratio ( c ) is following the best 
exergetic results for different standard dimensioning ratios SDR . Furthermore, exergy 
flux is increasing with increasing SDR . In this case, there also is a lower bound on feasi-
ble SDR values at approximately 4 since otherwise, no exergy flux is realized.

Figure 4c shows the results of the optimization with a fixed mass flow rate. The results 
show a significant difference to the optimization with fixed Reynolds numbers for both 
flow types. For turbulent flow types, the results differ on average by 11% and for laminar 
flow types by 9% due to the difference in the hydraulic-optimal solution. For laminar 
flow types, the approach of fixed Reynolds numbers leads to a significantly more net 
exergy difference (90% more net-exergy difference for an SDR of 11). For turbulent flow 
types, it is also significant (17% more net-exergy difference for an SDR of 11).

For practical applications, the results can be generalized. Geothermal probes are oper-
ated based on seasonal changes and often used as seasonal storages as well. In most 
cases, environmental conditions correspond to conditions after several hours of contin-
uous operation. Even when there has been no operation overnight/day, environmental 
conditions do not fully regenerate to undisturbed conditions. Hence, ground resistance 
can be assumed to be quite high for these periods (assume Rg > 0.15 m K/W ). In prac-
tice, one also aims to keep temperature difference to a ground temperature low and defi-
nitely below 50 K. If we assume that the temperature difference does not exceed 20 K in 
practical operations, only two cases remain:

For laminar flow, the optimal dimensionless inner pipe radius is about 55% larger 
when considering exergy than the pure hydraulic result. The optimal radius, in this case, 
depends no longer on pipe thickness but solely on Reynolds number and ground resist-
ance. However, laminar flow is disadvantageous regarding the probe’s thermal behaviour 
(see section thermal calculation) and therefore not recommended as a design point.
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In turbulent flow, the optimal dimensionless inner pipe radius is deviating only about 
0.2% from the hydraulic optimum. The influence of thermal behaviour on the optimal 
inner pipe radius is small for the design point. Conclusively, the best case for designing a 
geothermal probe is ensuring turbulence and choosing the inner pipe radius solely based 
on the hydraulic optimum. If the optimum is between two available pipe sizes, it is rec-
ommendable to choose the bigger pipe to enhance thermal performance during start-up 
periods.

Conclusion
The hydraulic optimum is an inner to outer pipe ratio of 0.54 for laminar flows and 0.6 
for turbulent flows. These values neglect the influence of inner pipe thickness. A net-
exergetic comparison of hydraulic and thermal impacts has identified a predominant 
impact of hydraulic losses for non-ideal thermal turbulent flow conditions. Calculations 
based on Hellström have shown that the gap between the inner and outer pipe should be 
as small as possible from a purely thermal perspective.

Comparing the new approach with the fixed mass flow rate approach has shown a sig-
nificant difference in the hydraulic-optimal solution. It has no impact on the thermal 
optimum. The impact on the net-exergetic optimum of fixed Reynolds numbers is signif-
icant. Here, the new approach results in lower dimensionless inner pipe radii (− 9% for 
laminar and − 11% for turbulent flow types) and more net-exergetic difference (+ 17% 
for laminar and + 90% for turbulent flow types). Not only does the approach presented 
more accurately reflect reality, but it also leads to better yields, especially in regions 
where hydraulics dominate. Conclusively, we recommend the new approach for further 
research.

The main conclusions are:

•	 For turbulent flow conditions, hydraulic loss is more important than thermal gain.
•	 The approach with a constant Reynolds number in the circular ring leads to signifi-

cantly different hydraulic results compared to an approach with a constant mass flow 
rate.

•	 The optimal hydraulic inner to outer pipe radius ratio for turbulent flows is about 
0.61 with an increase of 0.60SDR.

•	 The net exergetic optimum for turbulent flows with low heat fluxes corresponds to 
the hydraulic optimum in a good approximation.

For the standard case with a steel outer pipe radius of 75 (inner radius)/85 mm (outer 
radius) and an inner plastic pipe with an SDR value of 11, this leads to an optimal inner 
pipe radius of 49.58 mm (See Eq.  38). If this exact diameter is not available, the next 
larger one should be chosen. For example, a PE-100 RC pipe with a radius of 55 mm can 
be an option.
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