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Introduction
Clean and renewable energy resources are drawing increasing attention due to their 
advantages compared to fossil fuels which have a considerable impact on global warm-
ing and environmental pollution. As one of the primary choices to replace conventional 
energy sources, geothermal energy is becoming more and more attractive with wide 
availability, low operational cost and low  CO2 emissions. It has been rapidly developed 
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cated. Due to the high temperature underground, the deeper part of BHE can extract 
more heat from the rock, which leads to a higher heat extraction rate. The heteroge-
neous distribution of heat flux density and geothermal gradient cannot be described 
properly by the existing analytical models. Although a full 3D numerical solution can 
reflect these features, it always requires high computational resources and presents 
numerical instabilities. In this paper, we propose a hybrid modeling method with 
high efficiency to simulate the temperature evolution inside the DBHE, and the heat 
propagation front in the surrounding rock mass. The temperature evolution inside the 
DBHE is solved by finite difference schemes, while the heat propagation in the sur-
rounding rock is determined by an analytical formulation of thermal impacted radius. 
The coupling is achieved via source/sink term by incorporating the heat flux between 
the DBHE and the surrounding rock. Furthermore, an innovative analytical formulation 
describing the heat flux density is also presented, which accounts for the key param-
eters affecting the thermal performance of the DBHE system. Our proposed model is 
further verified against results with full 3D numerical solution under the same configu-
rations. It is demonstrated that the proposed model can capture the key physical pro-
cess of the heat transfer problem, while maintaining the calculation accuracy required 
by the engineering application. Regarding the calculation speed, the model results are 
around 30 times faster when compared to the full 3D numerical solution.

Keywords: Deep borehole heat exchanger, Efficient modeling, Analytical formulation, 
Heat propagation front, Accuracy and calculation acceleration

Open Access

© The Author(s) 2020, corrected publication 2021. This article is licensed under a Creative Commons Attribution 4.0 International License, 
which permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit to 
the original author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made. The images or 
other third party material in this article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line to 
the material. If material is not included in the article’s Creative Commons licence and your intended use is not permitted by statutory regula-
tion or exceeds the permitted use, you will need to obtain permission directly from the copyright holder. To view a copy of this licence, visit 
http:// creat iveco mmons. org/ licen ses/ by/4. 0/.

RESEARCH

Zhao et al. Geotherm Energy            (2020) 8:18  
https://doi.org/10.1186/s40517-020-00170-z

*Correspondence:   
z.pang@mail.iggcas.ac.cn 
1 Key Laboratory of Shale 
Gas and Geoengineering, 
Institute of Geology 
and Geophysics, Chinese 
Academy of Sciences, 
19, BeiTucheng West 
Road, Chaoyang District, 
Beijing 100029, China
Full list of author information 
is available at the end of the 
article

http://orcid.org/0000-0002-3556-2914
http://creativecommons.org/licenses/by/4.0/
http://crossmark.crossref.org/dialog/?doi=10.1186/s40517-020-00170-z&domain=pdf


Page 2 of 32Zhao et al. Geotherm Energy            (2020) 8:18 

for space heating and cooling in the recent decades (Diao and Fang 2006; Yang et  al. 
2010). Borehole heat exchangers (BHE) are the most common application in the ground 
source heat pump (GSHP) system for shallow geothermal energy exploitation. There are 
two ways of upscaling BHE installations, either by increasing the number or by extend-
ing the depth of the boreholes (Holmberg et  al. 2015). Although the first alternative 
stands for the majority of the installations today, it requires substantial land plots to 
install the ground loops, which poses a great challenge for its wider applications espe-
cially in densely populated cities and towns with scarcity of area (Fang et al. 2018; Wang 
et al. 2017; Kristian et al. 2015; Schulte et al. 2016; Welsch et al. 2016). Ideally, deep bore-
hole heat exchangers (DBHE) extracts geothermal energy at a depth which significantly 
exceeds the typical BHE length of 100 m and gets down to a depth up to 1000-3000 m 
below the ground surface where the temperature may reach 40–80  °C (Schulte et  al. 
2016; Henrik and Erling 2015; Sapinska-Sliwa et al. 2016).

With the advantages of much less land demand, potentially higher temperature avail-
able, particularly for high geothermal gradient areas, and higher efficiency of heat pump 
units, DBHEs can be constructed almost everywhere due to the fact that neither natu-
rally occurring thermal aquifer systems nor special geological structures are needed (Le 
Lous et al. 2015; Hellström and Sanner 1994; Jia et al. 2017; Deng et al. 2019). They can 
be made space effective with a small or negligible visual footprint (Welsch et al. 2017) 
and provide a desirable complementary heat source especially for applications in cold-
climate regions with a negatively balanced thermal load where more thermal energy 
is extracted than recharged. Therefore, they are a viable option to the traditional shal-
low BHEs of ground source heat pump systems. To fully benefit from the temperature 
increasing along a vertical deep BHE, coaxial borehole heat exchangers (CBHE) have 
been found to be an efficient option compared to traditional configurations such as 
U-tube or double-U BHEs. A deep borehole with a coaxial tube is schematically shown 
in Fig. 1.

Over the past few decades, notable theoretical development for modeling BHE systems 
includes analytical, numerical, and semi-numerical models which have been reported in 
the literatures (Sidiropoulos et al. 1983; Zarrella et al. 2017; Mingzhi et al. 2016; Fossa 
et al. 2011; Li et al. 2014; Li and Lai 2013, 2015; Zhang et al. 2015, 2016; Kim et al. 2014; 
Rees and He 2013; Seama and Rosen 2013; Wang et al. 2013; Zanchini and Lazzari 2014; 
Kolditz et al. 2012). In general, BHE modelers have paid more attention to the develop-
ment of analytical solutions (Mingzhi et al. 2016; Fossa et al. 2011; Li et al. 2014; Li and 
Lai 2013, 2015; Zhang et al. 2016; Kim et al. 2014; Li and Lai 2012). Analytical models 
such as infinite line source method (IFLS) (Molina et al. 2011; Erol and Bertrand 2018), 
finite line source method (FLS) (Abdelaziz et al. 2014; Bandos et al. 2009), and finite cyl-
inder source method (FCS) (Diao and Fang 2006; Eskilson 1987; Hellström 1991) have 
contributed greatly to the applications of vertical shallow BHEs. On the contrary, the 
analytical and mathematical modeling of DBHE remain poorly studied. Until recently, 
the analytical models for DBHEs are gaining more and more attention. Beier et al. (2011) 
provided analytical models for the vertical temperature profile within a DBHE with a 
known geothermal gradient, but did not provide the corresponding near-field modeling 
capabilities. Beier et al. (2014) further developed the model to account for the tempera-
ture distribution near the borehole, but simplified the far-field temperatures into a single 
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value. However, the analytical solutions remain limited to cases that the geothermal gra-
dient is often not taken into account. Obviously, it is not valid for DBHEs where the tem-
perature gradient cannot be ignored from the surface to a depth of 2000–3000 m below 
the surface. Since heat flux at a given depth along the BHE depends on the thermal prop-
erties of each geological layer and temperature gradient, it does not necessarily distrib-
ute uniformly along the depth profile of a BHE in real scenario. Moreover, predefined 
uniform heat flux density distribution may lead to overestimation for lower thermal con-
ductivity or underestimation for higher thermal conductivity of the rock (Koohi-Fayegh 
and Rosen 2012; Rivera et al. 2015).

The numerical models of DBHE systems appear to be practical complements to 
account for the complexity of the geological settings and geothermal gradient. Diersch 
(2014) presented a finite element tool for the modeling of borehole heat exchang-
ers, which demonstrated great potential to DBHE modeling. Chen et al. (2019) imple-
mented a FEM numerical model using the open source software OpenGeoSys for the 
performance analysis of the DBHE. Ma et al. (2020) proposed a heat transfer analytical 
model for downhole coaxial heat exchangers and the piecewise calculation method was 
adopted both on the time scale and in the depth dimension. It was concluded that the 
DBHE modeling could be improved by increasing the Reynolds number, but its incre-
ments gradually decreased. Fang and Dia (2018) developed a computationally efficient 
method for thermal analysis by finite difference method and the numerical algorithm 
was validated by the reference data from simulation results by finite element method. 
However, in their model the dynamic far-field boundary location evolving with opera-
tion time in the radial direction was not analyzed physically, and the performance of 
DBHE due to a combined influence of the operation parameters (inlet water tempera-
ture and flow rate, among others) of GSHP system (see Fig. 2) coupled with temperature 
field underground has not been properly modeled. The thermal response is simulated 
through the given annual load profile, and the heat flux density distribution law along 

Fig. 1 Schematic of heat transfer process for deep borehole heat exchanger: inverse loop (left) and forward 
loop (right). Reproduced with permission from Elsevier from Bär et al. (2015); this work is licensed under the 
CC BY-NC-ND license (http:// creat iveco mmons. org/ licen ses/ by- nc- nd/4. 0/)

http://creativecommons.org/licenses/by-nc-nd/4.0/
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the borehole in depth was not clarified. Although the numerical models capture the fea-
tures, it requires high cost in computational resources and presents flaws in numerical 
instabilities.

Semi-analytical models make a good compromise between the computational effi-
ciency and the complexities of the geological settings. Eskilson (1987) developed a 
semi-analytical model for heat flow in a borehole heat exchanger, constituting two 
fluid channels and a borehole wall embedded in an axial symmetric soil mass. The 
governing heat equations of the two fluid channels are solved using the Laplace trans-
form and that for the soil mass using the finite difference method. Seama and Rosen 
(2013) introduced a semi-analytical model for heat flow subjected to multiple infinite 
line heat sources with time-varying heat fluxes. The proposed model used flux-based 
analytical models to account for the heat flow transport, while the heat flux interacted 
between the involved heat sources is solved using an numerical iterative algorithm. 
Bnilam and Al-Khoury (2017) presented a semi-analytical model for simulating tran-
sient conductive–convective heat flow in a three-dimensional shallow BHE system 
consisting of multiple borehole heat exchangers embedded in a multilayer soil.

Existing semi-analytical approaches of BHE mainly focused on the temperature 
evolution outside the borehole (Rees and He 2013; Seama and Rosen 2013; Zhang 
et al. 2015; Wang et al. 2013; Zanchini and Lazzari 2014; Xiao et al. 2015; Liu et al. 
2010; Claesson and Hellström 2011) under the given heat extraction rate, and heat 
flux density over the depth is usually assumed as uniformly distributed. It is a tradi-
tional assumption of the line/cylinder source model limited to the vertical shallow 
BHE that has been used for decades. It is crucial to develop an adequate and con-
venient method integrating various operational and geological parameters for overall 
thermal analysis. It is noted that the analytical solution holds under the assumption 
that borehole and pipe diameters together with the pipe material keep constant along 
the depth. This assumption is valid for typical cases for shallow BHEs, but not valid 
for DBHEs, considering that borehole and pipe diameters usually vary with depth. 
Therefore, a numerical solution is necessary.

The objective of this paper is to present a general and efficient algorithm for the 
deep coaxial BHE system which integrates the numerical and analytical approaches. 
The heat transport equation inside DBHE is solved by a finite difference method while 
that for the surrounding soil and rock mass uses an analytical model. The approach is 

Fig. 2 Schematic of the ground-coupled heat pump system with deep borehole heat exchanger
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achieved by the interacted heat flux between BHE and soil (rock) represented by Neu-
mann boundary conditions (or a source term). The algorithm can manage the initial 
geothermal gradient and can handle a temperature distribution which varies in time 
and depth. To account for the heat flux density changes in time also with depth, the 
transient thermal impacted radius is properly formulated, which depicts the temporal 
heat propagation front (evolution with operational time). A precise analytical expres-
sion of the heat flux density is further established, which indicates the key parameters 
influencing the thermal performance of the DBHE system.

This paper is organized as follows. First of all, in the “Method” section, we will intro-
duce the integrated analytical and numerical model to be used in the new approach. In 
the “Numerical models” section, we will highlight the establishment of the analytical 
expression of the thermal impacted radius and extracted heat flux density distribution 
along depth. This section ends with a flow-chart of the proposed algorithm. Secondly, 
we will present a concrete DBHE model for study with the simulation settings sum-
marized in detail, followed by the “Result and discussion” section where the numerical 
verifications are performed to assess and validate the approach proposed in this paper. 
Specifically, the key parameters including heat flux density distribution along the depth, 
thermal impacted radius, total heat extraction output and outflow temperature are sim-
ulated to evaluate the thermal performance of DBHE. A further discussion of the results 
also follows in this section. The “Conclusions” section makes a summary with some 
potential applications of the proposed algorithm.

Methods
A deep BHE system consists basically of two thermally interacting domains: the bore-
hole heat exchanger and the surrounding soil and rock, while the two areas are bounded 
by the borehole wall. The simulation of DBHE operation comprises the calculation of the 
temperature distribution in the two branch pipes inside the borehole and the thermal 
interaction of DBHE with the surrounding soil or rock.

Three-dimensional unsteady heat conduction in soil or rock coupled with quasi-
steady heat conduction in the backfill zone and turbulent flow convection in the 
circulating fluid evolves both in the horizontal and vertical direction under com-
plex boundary conditions. Because of all the complications of this problem and its 
long-time scale, analytical methods treat the BHE as either a line source or a cylinder 
source in semi-infinite medium with predefined initial temperature distribution. The 
heat transfer process may usually be analyzed in two separated regions (as shown in 
Fig. 3a) (Diao and Fang 2006; Yang et al. 2010; Carslaw and Jaeger 1947). One is the 
solid soil/rock outside the borehole, where the heat conduction must be treated as a 
transient process. Another sector often segregated for analysis is the region inside 
the borehole, including the cement, the pipes and the circulating fluid inside the 
pipes (Diao and Fang 2006; Hellström 1991). The main objective of this analysis is to 
determine the inlet and outlet temperatures of the circulating fluid according to the 
borehole wall temperature and the heat exchange rate of the BHE. Detailed analyses 
on single U-tube (Li and Lai 2013), double-U-tube (Zanchini and Lazzari 2014) and 
coaxial tube (Saadi and Gomri 2017) boreholes have been available. The two separate 
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regions must be linked on the borehole wall where a uniform temperature distribu-
tion is usually assumed. A new analytical model of coaxial borehole heat exchangers 
was presented by Beier et al. (2014), which considered the vertical temperature profile 
on the borehole wall, but still assumed a uniform initial temperature distribution.

In this section, we present an efficient model for heat transfer outside the bore-
hole where thermal analysis inside the borehole under the condition of heat extrac-
tion is based on the classical quasi-steady-state model. In view of calculation, a hybrid 
approach of analytical solution (outside the borehole) coupled with numerical calcu-
lation (inside the borehole) is employed.

Modeling assumptions

Considering the larger amount of heat extraction output of a single DBHE compared 
to the shallow one, thermal interference among the deep boreholes can be negligible 
due to the large enough spacing among them. Therefore, this study focuses on heat 
transfer in a single deep borehole with coaxial tubes. The following assumptions were 
taken into considerations for the heat transfer model to facilitate the proposed algo-
rithm (Fang et al. 2018; Wang et al. 2017):

Fig. 3 Calculation approach for DBHE: a Coupling of the two areas in simulation for coaxial DBHE. b Dynamic 
evolution of thermal impacted radius (heat propagation front) outside borehole
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1. The soil and rock surrounding the DBHE is regarded as a few horizontal layers of 
homogeneous media to account for the multiple geological layers, whose thermal 
properties do not change with temperature.

2. The domain studied is considered as semi-infinite for numerical simulation. The 
temperature fluctuation of air on the top layer of the rock is ignored, and far-field 
boundary condition for temperature is considered at the bottom of the domain.

3. Groundwater advection is neglected and the heat transfer between the heat 
exchanger and the rock–soil is considered as pure heat conduction.

4. The backfill materials and the outer pipe of the borehole wall are fully contacted and 
there is no resistance between them.

5. Radial conduction is the dominant mechanism for heat transfer in rock and cement, 
however convection overweighs conduction for the circulating fluid in pipes along 
the axial direction within the borehole. Besides, the temperature and velocity distri-
bution of the fluid in pipes at any cross section are uniform, and turbulence influence 
on heat transfer is incorporated into the convection coefficient by lumped parameter 
method.

Dynamic description of transient heat transfer outside the borehole

Rocks outside the borehole are discretized into several micro-cylindrical columns from 
the borehole along the radial direction of the thermal impacted circle (horizontal plane 
of the simulation zone concerned) which spreads gradually with operation time. Con-
sidering heat conduction of single DBHE, rock temperature distribution is assumed 
to be homogeneous circumferentially and varies in the direction of drilling depth, i.e., 
Ts = Ts(r, z) . Given that the borehole boundary is r = rb , the radius of the far-field 
(radius of the thermal impacted circle) is r = r∞ , therefore, heat flow flux extracted from 
the rock mass into the borehole at a certain rate q satisfies the second type of boundary 
condition as (Eskilson 1987; Hellström 1991; Carslaw and Jaeger 1947):

Also, rock temperature field is assumed to be fully developed at the thermal 
impacted circle (heat propagation front), and no heat flux flows in, satisfying:

On the other hand, evolution of the rock temperature underground could be approxi-
mated as ideal heat conduction in cylindrical coordinate which is described by:

Here, as = �s
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The initial temperature distribution according to geothermal gradient is close to be 
linear along depth, and heat flux contribution in the radial direction dominates over 
the vertical in general. So, the vertical heat conduction term can be neglected, and 
Eq. 3 could be further simplified as:

Solution of Eq. 4 is first given by Carslaw and Jaeger through the Laplace transforma-
tion method (Carslaw and Jaeger 1947) as following:

where αn is the positive root of Eq. 6:

and J0 , J1 , Y0 , Y1 and are the first and second Bessel equations, respectively.
Solution 5 can be divided into the following three parts:

1. The first part is the item that is linearly related to time: 

2. The second part is time-independent: 

 where r∞ (radius of the thermal impacted circle) correlates to operation time, and 
Ts,2(r) depicts the temperature distribution profile within the radius of thermal 
impacted circle at a given time.

3. The third part is the series that describes the transient change of rock temperature 
and quickly converges to zero over time: 
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Table 1 Distribution of minimum positive root α1 of Eq. 6 at different radii of thermal impacted 
circle

rb

/

r∞ 0.001 0.01 0.02 0.05 0.1 0.2

α1r∞ 3.832 3.832 3.836 3.860 3.941 4.236
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Table 1 gives the distribution of the minimum positive root α1 (the first root) of Eq. 6 at 
different radii of thermal impacted circle (in the form of α1r∞ ). The series term Ts,3(r, τ) 
is exponentially decaying, and the exponent of the first term asα2

1τ can be used to meas-
ure the time scale of the transient attenuation of the temperature field. When asα2

1τ = 3 , 
the first term of the exponential decaying series is approximately attenuated to 5% of the 
initial value. For the other parts of the series term, the attenuation speed is much faster 
than the first term due to the corresponding root αn > α1 , so the temperature change 
converges to the steady-state solution after a certain time τconv as (Carslaw and Jaeger 
1947):

To derive the radius r∞ of thermal impacted circle (Fig.  3b), we combine the time-
dependent term in the first and third parts of the solution Ts(r, τ ) with consideration 
that rock temperature should keep constant as undisturbed at the boundary of the ther-
mal impacted circle r = r∞ , therefore, the temperature distribution in the radial direc-
tion of the thermal impacted circle could be determined as:

According to the definition of average temperature of rock within thermal impacted 
circle after heat extraction, we have:

On the other hand, due to the conservation law that heat flow flux extracted from 
the rock mass contributes to the temperature decline in the thermal impacted circle, it 
yields:
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(as depicted in Fig. 4):
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Herein, analytical function g(t) shows the temperature distribution profile in the ther-
mal impacted circle (Fig. 4a): temperature varies sharply in the vicinity of DBHE, get-
ting flat soon along the radial direction and gradually spreads almost constantly towards 
the heat propagation front. Heat flux q indicates whether the temperature change in 
the thermal impacted circle is a process of heating or cooling. In case of q < 0 , DBHE 
extracts heat from the rock and rock temperature drops (as depicted in Fig. 4a, where 
g(t) < 0 ), so Ts(r, τ ) in the thermal impacted circle is always less than the initial tem-
perature of the rock Tinit , which is consistent with the actual physical process. Moreover, 
from function f (t) illustrated in Fig.  4b, it can be seen that the radius of the thermal 
impacted circle spreads nonlinearly with time, and the longer the running time τ , the 
slower the evolving rate. This observation indicates that thermal equilibrium soon builds 
and stays nearly steady state, which right uncovers the physical mechanism for the evo-
lution characteristics of thermal impacted radius of DBHE.

Given the evolution of thermal impacted radius with operation time by Eq.  14, the 
radial heat flux density distribution fluxradi(z, τ) along the depth of DBHE could be con-
sistently evaluated as (see Appendix A for detail):

where Rb is the thermal resistance in the borehole, Flux(z) and Tf 1(z) denote cumulative 
heat flux extraction after a period of operation and the fluid temperature in the outer 
pipe along DBHE depth, respectively.
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Fig. 4 a Temperature distribution function g(t) in the thermal impacted circle. b Evolution of the radius of 
thermal impacted circle depicted by function f (t)



Page 11 of 32Zhao et al. Geotherm Energy            (2020) 8:18  

TRCM model for thermal resistances within the borehole

Thermal resistances within the borehole can be implemented into the numerical model 
(presented thereafter) by applying the methods in analogy to the electric networks. A 
geometrical simplification is made such that the different parts of the borehole are rep-
resented by single nodes (as depicted in Fig. 5).

Numerical models based on this methodology have earlier been referred to as ther-
mal resistance and capacity model (TRCM); TRCM model for coaxial BHEs have 
been published by Refs. (Bauer et  al. 2011; De Carli et  al. 2010; Claesson and Hell-
ström 2011; Beier et al. 2011, 2014). A thermal circuit would be used to describe the 
local heat flow between the flow pipes and the borehole wall and heat flow as func-
tions of the temperature difference, and derive the corresponding thermal resistances 
of outer pipe to the borehole wall R11 (also Rb ) and inner pipe to the outer pipe R12:

where hf  is the convection coefficient calculated by:

where Re and Pr are the Reynolds number and Prandtl number of the circulating flow, 
respectively.

Quasi‑steady‑state modeling inside the borehole of DBHE

In the quasi-steady-state model, the fluid temperature and borehole wall vary in the 
axial direction, and the inlet and outlet temperature of the circulating fluid changes 
with time due to the heat flux distribution along the borehole wall determined by 
the temperature difference and thermal resistance. The model is able to evaluate the 

R11 =
1

2π�b
ln

rb

roo
+

1

2π�po
ln

roo

roi
+

1

2πroihfo
,

(18)R12 =
1

2πriohfo
+

1

2π�pi
ln

rio

rii
+

1

2πriihfi
,

(19)hf = 0.023Re0.8Pr0.33,

Fig. 5 Cross section of annular pipe borehole and the corresponding thermal circuit
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influence of short-circulating among the branch pipes (Diao and Fang 2006; Yang 
et al. 2010).

During heat extraction of DBHE, return water from the heat pump units flows 
into the outer pipe (annular domain) and circulates out from the inner pipe (circu-
lar domain). On the basis of the heat flux distribution along depth in Eq.  17 afore-
mentioned, the energy equilibrium equations for upward and downward flow of the 
circulating fluid in DBHE shown in Fig. 6 are formulated to model the dynamic heat 
transfer process. According to the quasi-steady-state heat transfer analysis inside the 
borehole, the temperature of the fluid flowing downward in the outer tube (named as 
pipe 1) and upward in the inner tube (named as pipe 2) varies along the depth as:

where, q1−2 and ql are the local heat flow between the flow pipes and the borehole wall, 
respectively.

In light of the TRCM model, the local heat flow between the flow pipes and the borehole 
wall in the quasi-steady-state model of DBHE inside the borehole could consistently be for-
mulated as:

Therefore, we can obtain the quasi-steady-state heat transfer equation for fluid flow 
inside the borehole:

The boundary conditions for the heat transfer in Eq. 22 are:

(20)

{

−ṁcp
dTf 2(z)

dz = q1−2

ṁcp
dTf 1(z)

dz = ql − q1−2

,

(21)
ql =

Tb(z)− Tf 1(z)

R11
= fluxradi(z, τ).

q1−2 =
Tf 1(z)− Tf 2(z)

R12
.

(22)

{

−ṁcp
dTf 1(z)

dz =
Tf 1(z)−Tf 2(z)

R12
− fluxradi(z, τ)

ṁcp
dTf 2(z)

dz =
Tf 2(z)−Tf 1(z)

R12

.

z = 0 : Tf 1(0) = tin,

Fig. 6 Quasi–steady state heat transfer analysis based on energy equilibrium inside the borehole
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where tin is the inlet temperature of the circulating fluid, and H denotes the borehole 
depth.

Introducing the variables: R∗
12 = ṁcpR12,R

∗
11 = ṁcpR11 , then numerical solution of 

Eq. 22 could be carried out by finite difference scheme as:

where the subscript n denotes the n th DBHE discrete element.
To solve the discretized Eq.  24, an iterative algorithm is adopted assuming the out-

let temperature tout and temperature distribution along the branch pipes 1 and 2 under 
the given inlet temperature tin and flow rate ṁ . The iteration stops until the total heat 
extraction calculated as Q1 =

∑

fluxradi(z, τ)�z is balanced with Q2 = cpṁ(tout − tin) 
due to the circulating water temperature change after a cycling loop.

Flow-chart of the whole calculation procedure for DBHE is illustrated in Fig. 7 that is 
promising to generalize to thermal analysis of any vertical closed loops including single 
or double-U pipe and coaxial pipe applied in shallow BHEs.

Numerical models
Model setup

In order to study the operation characteristics of DBHE for further optimization of the 
structure design and optimal operation control of the deep borehole ground-coupled 
system, we carry out a comprehensive simulation on the basis of the proposed method 
for the dynamic heat transfer problem. Geological settings for the DBHE in study are 
depicted in Fig. 8. It should be noted that the DBHE in study comes from a pilot dem-
onstration project in Qingdao, located in Shandong Province, China. The coaxial tube 
DBHE was installed in a deep borehole with the overall depth of 2600  m and drilling 
diameter of 216  mm. The DBHE wall is made of steel and has an outer diameter of 
178 mm and a thickness of 9.5 mm, the inner pipe is made of high-temperature resist-
ant material applied in oil collection engineering with a lower thermal conductivity of 
0.01 W/m/K, whose diameter is valued at 90 mm with a thickness of 10 mm. In situ field 
tests for the project will be introduced in our future work. This paper focuses on the 
simulation results of its thermal performance.

Establishment of the heat transfer model for DBHE includes three aspects in general:

(23)z = H : Tf 1(H) = Tf 2(H),

Tn+1
f 1 − Tn−1

f 1

2�z
=

Tn
f 2 − Tn

f 1

R∗
12

+
fluxradi(z

n, τ)

ṁcp
,

(24)
Tn+1
f 2 − Tn−1

f 2

2�z
=

Tn
f 2 − Tn

f 1

R∗
12

,
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1. (1). Input variations:

 The input variations of the simulator could be classified into four groups:

i. Geological data.

 All the related geological parameters for geothermal temperature and ground-
water condition as well as rock/soil multi-layers properties are shown in Tables 2 
and 3.

Fig. 7 Flow-chart of calculation procedure and fast simulation strategy for DBHE
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ii DBHE structural parameters.
 Borehole section and geometry settings of DBHE are listed in Table 4.
iii Operating condition parameters.

Fig. 8 Geological settings for the model in study: a Initial geothermal temperature profile underground. b 
Rock layers distribution

Table 2 Geological parameters of deep borehole

Ground surface temperature (°C) 15

Geothermal temperature gradient (°C/km) 28

Rock/soil stratification layers 5

Ground water condition Dry rock with-
out ground 
water

Table 3 Properties of the rock/soil layers

Rock/soil layers Material Depth (m) Thermal 
conductivity 
(W  m−1  K−1)

Specific heat 
capacity
(J  kg−1  K−1)

Density (kg  m−3)

Rock–soil 1 Soil–basalt 0–100 2.7 915 2750

Rock–soil 2 Granite 100–1400 2.78 925 2800

Rock–soil 3 Sandstone 1400–2000 2.8 920 2800

Rock–soil 4 Limestone 2000–2360 2.75 900 2780

Rock–soil 5 Sandstone 2360–2600 2.8 920 2800
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 Parameters settings for operation condition during the heating season include 
inlet flow temperature, flow rate, operation hours, etc. (see Table 5).

iv Material parameters.
 The properties of the circulating water, inner pipe and backfill materials used in 

the model are summarized in Table 6.
2. Output parameters:
 The outflow temperature, total heat extraction amount and the heat flux density dis-

tribution along the borehole depth are given as outputs of the system to analyze the 
effect of the primary input parameters on the heat transfer performance of DBHE.

3. Boundary conditions:
 For the section inside borehole, real-time flow rate and inlet temperature are taken 

as the inlet boundary condition of the coaxial heat exchanger (see Table  5). With 
respect to the rock zone, initial geothermal temperature distribution is set as the far-
field boundary in the radial direction along the depth, and isothermal boundary is 
considered at the bottom of DBHE. In the shallow layer of the rock, zero heat flux 
boundary is set below the constant temperature layer without consideration of the 
variable temperature zone due to atmosphere influence for simplicity of simulation.

4. Model discretization:
 In the scenario studied, the DBHE model with a depth of 2600 m is discretized into 

1500 segments vertically and uniform grids with a scale of 0.5 m are applied in the 

Table 4 Construction parameters of DBHE

Construction parameter

Borehole depth (m) 2600

Borehole sections 1

DBHE inner pipe diameter (mm) 90/110

DBHE outer pipe diameter (mm) 159/178

DBHE backfill zone diameter (mm) 216

Table 5 Operation parameters of DBHE in the heating season

Heat extraction days (day) 120

Flow rate  (m3/h) 50

Inlet temperature (°C) 5

Operation hours per day (hour) 16

Table 6 Thermal parameters of the fluid, backfill material, inner pipe and outer pipe in the model

Circulating fluid Backfill material Inner pipe Outer pipe

Thermal conductivity (W  m−1  K−1) 0.56 0.93 0.01 54

Specific heat capacity (J  kg−1  K−1) 4200 1800 2300 460

Density (kg  m−3) 1000 1050 1925 7930

Kinematic viscosity (N s  m−2) 1.31 ×  10−3

Dynamic viscosity  (m2  s−1) 1.31 ×  10−6
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radial direction from the location of DBHE to the dynamic thermal impacted radius, 
in order to calculate temporal temperature distribution in the rock zone.

Model validation

In this section, analysis of DBHE performance during heating season is carried out in 
detail. In order to validate the proposed efficient model, a cross check is performed using 
the detailed heat transfer solution (or full 3D numerical solution, see Appendix B for the 
numerical schemes) of the problem.

Figure 9 depicts the overall dynamic evolution process of heat extraction rate and out-
let temperature with time during the heating season. A fast decrease in outflow temper-
ature and heat extraction exists ranging approximately from 20 to 60 days at the start-up 
of DBHE, after the unsteady stage outflow temperature and the heat extraction output of 
DBHE vary so small as to be neglected safely. Moreover, excepting the relatively larger 
difference at the initial stage between the proposed efficient simulation results and the 

Fig. 9 Dynamic evolution process of heat extraction rate and outlet temperature with time during the 
heating season: a Outflow temperature. b Heat extraction rate
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detailed solution for the case (analyzed thereafter in this part), it could be seen that the 
temperature difference from 60 days until the end of heating season at 120 days (dur-
ing the stable stage) is not more than 0.2 °C. Besides, the average relative error of heat 
extraction rate is 1.07% during the overall simulation (402.05 kW for the efficient mod-
eling and 397.78 kW for the detailed solution, respectively), which is within the reason-
able range for engineering application. Therefore, the simulation data obtained from the 
proposed method in the paper agree well with the detailed numerical solution and is 
reliable enough to predict the thermal performance of DBHE in the long run. The slight 
difference was caused by the computational errors and modeling simplification.

As a summary of the operation characteristics for DBHE, the overall operation pro-
cess could be divided into three typical stages: descend stage, transition stage and 
stable stage. At the initial or start-up stage, fast decline would occur in the outflow 
temperature and heat extraction output. Soon after a transition stage with gradual 
decline speed from unsteady state to steady state, DBHE would run stable and all the 
thermal performance parameters variation trend remain basically unchanged. This 
observation validates our modeling for the heat propagation front in the rock evolu-
tion (thermal impacted circle) in a previous section as depicted in Fig. 4b.

Results and discussion
Thermal performance analysis of DBHE

Figures 10, 11 and 12 show the comparison of simulation results for the key thermal 
performance parameters of DBHE including borehole temperature, extracted heat 
flux density distribution along depth, as well as circulating flow temperature profiles 
in the annulus and the inner pipe along depth. It should be noted that, at the descend 
stage of DBHE, efficient modeling method gives a higher estimation of them over 

Fig. 10 Variation curves of borehole temperature along depth with time during the heating season
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those predicted from the detailed solution during the heating season. As a matter of 
fact, the overestimation originates from the underestimation of thermal impacted 
radius at the descend stage in essence. Clearly, it could be seen that there exists a fast 
decline in heat extraction output of DBHE during the initial operation days, so accu-
mulated heat extraction density Flux(z) at depth z along borehole was underestimated 
by Eq. 13:

And the effective operation time should be modified as:

With respect to the decline trend of heat extraction with operation time as mentioned 
above, it could be easily concluded that:

(25)Flux(z) = q(z)τ .

(26)τeff =
Flux(z)

fluxradi(z, τ)
=

∑

i

fluxradi(z, τi)�τi

fluxradi(z, τ)
.

(27)
∑

i

fluxradi(z, τi)�τi > fluxradi(z, τ)τ .

Fig. 11 Comparison of simulation results of extracted heat flux density distribution along borehole with 
depth during the heating season
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It could be seen that the effective operation time τeff proves to be longer than real oper-
ation hours τ . On the other hand, from Eq. 14 we can see that longer operation time cor-
responds to smaller thermal impacted radius, and smaller thermal impacted radius leads 
to higher heat flux density extracted from rock as indicated by Eq.  17. Therefore, the 
relatively larger deviation at the descend stage for the simulation results of the key ther-
mal performance parameters on the basis of efficient modeling could be justified (see 
simulation results at 5 days in Figs. 10, 11 and 12). Actually, nominal capacity of DBHE 
during the stable stage is more helpful for engineers in preliminary design and practi-
cal analysis (Fang et al. 2018) which proves accurate enough according to the proposed 
efficient simulation results. To facilitate modeling and programming of DBHE, further 
improvement for accuracy at the initial stage is not presented in this paper, which would 
be introduced in the future work.

Moreover, another important observation from the simulation results in Fig. 10 indi-
cates that the borehole temperature is almost proportional to depth underground while 
the geothermal gradient (28  °C/km) is taken into consideration. In view of the initial 

Fig. 12 Comparison of simulation results of circulating flow temperature profiles in the annulus and inside 
the inner pipe with depth of deep coaxial BHE during the heating season a 5 days, b 20 days, c 40 days, d 
60 days



Page 21 of 32Zhao et al. Geotherm Energy            (2020) 8:18  

temperature of rock determined by geothermal gradient which is linearly distributed 
along depth, it is understandable that the temperature difference between circulating 
water in the annulus and borehole surface is almost linearly increasing which is respon-
sible for the linear heat flux density distribution as depicted in Fig. 11. This observation 
proves that geothermal gradient could never be neglected and heat flux density over the 
depth could not be assumed as uniformly distributed (as is the case for shallow BHE) to 
study the transient thermal performance characteristics of DBHE. Also, heat extraction 
rate of DBHE is dynamically evolving with time which may be not balanced with the 
given terminal load for simulation and should be determined under the given operating 
condition as well as geological settings, therefore it is not proper to assume DBHE oper-
ating under a given load to perform simulation of rock temperature response outside 
borehole especially in the descend stage.

Figure 12 depicts the temperature profile of circulating fluid. It can be seen that the 
cold water enters the outlet annulus to utilize the borehole wall as heat exchanger sur-
face at full length and reaches its peak temperature at the borehole bottom, and then 
returns back to the surface through the insulated central pipe. Once DBHE runs stable, 
outflow temperature and circulating flow temperature profiles along depth would stay at 
a relatively steady state, with minor fluctuations. While slight differences of outflow tem-
perature between the proposed efficient modeling calculation result and detailed solu-
tion exist, the temperature difference approximately stabilizes at 0.1 °C for the simulation 
scenario, which could be safely neglected for prediction of DBHE thermal performance.

Figure 13 describes the heat flux loss between annulus and inside inner pipe due to 
thermal short-circuiting with depth. We can see that maximum short-circuiting heat 
flux occurs at the outlet of DBHE where maximum temperature difference of circulating 
water exists. In addition, short-circuiting heat flux reaches its peak at the start-up stage 
and soon converges to a steady state. Owing to the good thermal insulation material of 

Fig. 13 Comparison of simulation results of heat flux loss between annulus and inner pipe due to thermal 
short-circuiting with depth during the heating season
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inner pipe, thermal short-circuiting effect is not so severe and heat loss per meter due to 
thermal short-circuiting is reduced to be only 2 W/m. Therefore, circulating water flows 
upward inside the inner pipe almost without any temperature loss (see flow temperature 
profile in the inside inner pipe in Fig. 12).

Furthermore, distribution of the thermal impacted radius and comparison of radial 
far-field rock temperature with initial rock temperature along depth during the heat-
ing season are also investigated. Thermal impacted radius during the heating season 
is almost uniformly distributed along depth as illustrated in Fig. 14. This is because 
that heat extraction occurs at full length of DBHE due to the low inlet tempera-
ture at 5  °C. In view of the relatively uniform rock thermal parameters distribution 
along depth, it is understandable that the heat propagation front in the surrounding 
rock spreads almost at the same speed along depth, thus creating a uniform ther-
mal impacted radius profile. It could be clearly seen that the heat propagation front 
spreads fast at the initial unsteady and transition stage for 5–60  days, and would 
stabilize approximately at 25  m (because the DBHE would run stable after 60  days 
according to Fig. 9a), thus, the borehole space should be at least 50 m to avoid any 
thermal interaction between borehole clusters (if more DBHEs are needed in prac-
tical design). Finally, good agreement between radial far-field rock temperature and 
initial rock temperature along depth validates again the physical modeling for thermal 

Fig. 14 Variation of thermal impacted radius and rock temperature near the boundary of thermal impacted 
radius (radial far field temperature of rock) on the basis of efficient modeling along depth with time during 
the heating season. a 5 days, b 20 days, c 40 days, d 60 days. The black and black dotted line denoting rock 
temperature refer to the left y-axis, while the red line denoting thermal impacted radius refers to the right 
y-axis
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impacted radius evolution and rock temperature distribution in the thermal impacted 
scope (Eqs. 11 and 14).

Distributions of rock temperature field underground during the heating season are 
shown in Fig.  15. Generally speaking, simulation results from the two approaches 
agree well. Isothermal contour presents as a V profile, and more temperature decrease 
occurs in the rock mass located at the bottom section of DBHE than at the top sec-
tion on account of the linearly increasing heat flux extraction density along depth. 
What should be noted is that a local coldness accumulation near the borehole at the 
shallow layer of rock mass reaching the depth of 100 m could be seen noticeably, and 
the scope on the basis of proposed efficient modeling is comparatively larger than 
that from detailed solution at the descend stage (20 days and 40 days) as marked by 
the red circle. This is due to the fact that rock temperature distribution in the ther-
mal impacted scope is determined by the analytical solution where great tempera-
ture gradient exists near the borehole. When DBHE runs more stable at 60 days, the 

Fig. 15 Rock temperature distribution underground during the heating season. A, B, C, D depict the 
simulation results at 5, 20, 40, and 60 days from the proposed efficient modeling in the paper, respectively. a, 
b, c, d show the corresponding results from the detailed simulation. Rock temperature unit is  °C in the color 
bar
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difference is diminishing gradually indicating that the analytical solution for rock 
temperature distribution in the thermal impacted scope is quite precise and reasona-
ble. In addition, on account of the large temperature difference between rock and cir-
culating water, small time step is necessary to depict the rock temperature evolution 
based on the detailed solution to solve the three-dimensional unsteady state heat con-
duction problem, and negative temperature would easily appear especially near the 
borehole where local sharp temperature gradient exists. Owing to the analytical solu-
tion for thermal impacted radius evolution and rock temperature distribution, simu-
lation results for rock temperature on the basis of the proposed efficient modeling are 
very smooth and robust without any fluctuation or negative value encountered.

Simulation efficiency and precision validation

Thanks to the high efficiency of calculation in the proposed method, the update time 
step could be large enough without oscillation of the calculation results, which could be 
set comparable to the running hours for the operation condition. According to our sim-
ulation, computation task of the case in study with a running time of 3 years took only 
around 1.5 h on a common computer with a CPU of 2.9 GHz and RAM of 16 GB. Cal-
culation cost for 3 years simulation of DBHE operation characteristics based on our effi-
cient simulation method versus traditional detailed solution solving the unsteady state 
heat conduction problem, is shown in Table 7. It can be seen that compared to tradi-
tional numerical method, the proposed efficient simulation approach for DBHE is highly 
efficient with an acceleration ratio of calculation at almost 30 times. The high efficiency 
of calculation by the proposed method is based on that analytical solutions for heat flux 
distribution along the borehole and dynamic thermal impacted radius have been prop-
erly formulated for the operation condition.

Since larger deviations exist at the initial stage of DBHE from the efficient modeling 
method, as pointed out before, average outflow temperature and heat extraction rate 
during the initial 60  days (initial stage) of heating season for the case are specifically 
compared between detailed solution and our efficient simulation in Table  7. It shows 
that under the default operation condition with the average inlet temperature at 5 °C and 
flow rate 50  m3/h, the average outlet temperature and heat extraction rate of the coaxial 
DBHE from efficient simulation are 12.52 °C and 438.5 kW, respectively. The simulated 
values of the average outlet water temperature and heat extraction rate are 12.29 °C and 
425.1 kW according to detailed solution. The simulated results are in good agreement 
with the detailed solution (with a relative error of 3.15%) indicating that our efficient 
simulation approach adopted to analyze the heat transfer characteristics of DBHE is both 
efficient and reasonable for engineering application. Moreover, the proposed efficient 

Table 7 Comparison between the simulation results of detailed solution versus efficient modeling

Average outflow temperature (°C) Average heat extraction 
rate (kW)

Relative error Simulation 
cost (h)

Detailed solution 12.29 425.1 45.06

Efficient modeling 12.52 438.5 3.15% 1.5
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modeling approach for thermal analysis of DBHE in this paper is also promising to be 
generalized to heat transfer modeling of various closed borehole heat exchanger con-
figurations, including single U-type, double-U-type and coaxial pipe applied in shallow 
geothermal energy exploitation scenarios, as well as thermal analysis for large U-shaped 
or L-type geothermal well for medium and deep hot dry rock energy utilization. Simula-
tion of DBHE with other configurations based on the method would be introduced in 
our future work as a complement of deep coaxial BHE in study.

Conclusions
The results from this study can be potentially used as a reference to guide the design and 
optimization of coaxial DBHE system and promote the utilization of medium deep geo-
thermal energy. Main findings can be summarized as follows:

1. An efficient hybrid model for DBHE combining analytical and numerical solutions is 
set up for the modeling of operational conditions through quantifying the heat prop-
agation front outside the borehole. Several important thermal performance param-
eters of DBHE were analyzed and the analytical expressions for them were derived.

2. Compared with the detailed heat transfer solution of DBHE by numerical calcula-
tions that involve a large number of complex grids generation and adaptive distribu-
tion in the simulation zone, the efficient hybrid approach developed in this paper 
improved the calculation speed by one order of magnitude. This was possible by 
combining analytical solutions for the temperature evolution outside the borehole 
and heat flux density distribution along depth, with the numerical solution for fluid 
temperature distribution of the branch pipes employing the iterative algorithm.

3. The simulated results for key thermal performance parameters of DBHE on the basis 
of the proposed model are in good agreement with the numerical solution in refer-
ence. Therefore, it is both efficient and reliable for engineering applications.

4. The unsteady heat conduction process of DBHE evolves into steady state soon in 
the initial stage. The overall operation process could be divided into three stages: 
descend stage, transition stage and stable stage. At the initial or start-up stage, fast 
decline would occur in the outflow temperature and heat extraction output, and rela-
tively larger deviation exists for the new modeling method. Soon after a transition 
stage with gradual decline speed from unsteady state to steady state, DBHE would 
run stably and all the thermal performance parameters remain basically unchanged 
with relatively minor fluctuation that could be neglected.

Appendix
A. Distribution of heat flux density along the depth of DBHE

After a period of operation, from Eq.  11 the temperature gradient at the boundary of 
backfill zone can be determined as:
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And we have the heat flow flux at borehole wall:

Therefore, rock temperature distribution Ts(r, τ ) satisfies:

Consider the rock temperature at borehole interface:

Herein, Rb is the thermal resistance in the borehole as mentioned above in Eq. 17.
Meanwhile, temperature continuous condition (the first type of boundary condition) is 

satisfied at the boundary of the backfill hole, combining Eqs. 30 and 31, heat flux density 
fluxradi(z, τ) along the depth of DBHE is determined as:

It can be seen from Eq. 32 that the heat flux density distribution according to this solu-
tion is only related to the total operation time, geothermal property parameters and inlet 
water temperature in the current state, but the operation history has not yet been prop-
erly modeled. In order to include the operation history of DBHE in the heat flux density 
distribution, we perform the quasi-steady-state treatment of the temperature distribu-
tion solution near the backfill zone as follows.

The heat flow flux and temperature near the backfill zone approximately satisfy the fol-
lowing quasi-steady-state solution:

Therefore, temperature distribution of the rock near the backfill hole Ts(r, τ )
∣

∣

r→rb can 
be approximated by Eq. 33 as:
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where A is a coefficient to be determined.
Substituting Eq. 36 into Eq. 12, A is determined as:

It should be pointed out that Eq. 37 approximately holds, because Eq. 35 is valid in 
the region near the backfill hole, not for the holistic thermal impacted circle. However, 
the temperature distribution characteristics in the thermal impacted circle from Fig. 4 
show that the temperature change almost completes near the backfill hole (close to 80%), 
while the change is small near the boundary of thermal impacted circle, so Eq. 37 is an 
approximation with good precision.

From Eq. 37, we can get:

Thereby, heat flux density fluxradi(z, τ) along the depth of DBHE can be obtained as:

In addition, according to the conservation law, heat extracted by the DBHE causes the 
temperature change of rock to meet the following equation:

On the other hand, cumulative heat flux extraction Flux(z) along the depth of DBHE is 
recorded through fluxradi(z, τ) as:

where τ denotes the total operation time.
Combining Eqs.  40 and 41, temperature change of rock and heat flux density 

fluxradi(z, τ) could be related by:

As a matter of fact, the total heat flow flux contributing to the change of rock tem-
perature in the thermal impacted circle can be divided into two parts: radial heat flow 
fluxradi and heat flow in the vertical direction fluxvert . So the total heat amount in history 
extracted from the rock Flux in Eq. 41 should be corrected as:

where �τi is the operation time step.
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2 r

2
b + 2π�sRb

(

r2∞ − r2b
)

(39)
fluxradi(z, τ) = 2π�sA

= 2π�s

(

r2∞−r2b
)(

Tdecay(z,τ)−Tf 1(z)
)

r2∞ ln
r∞
rb

−
1
2 r

2
∞+

1
2 r

2
b+2π�sRb

(

r2∞−r2b
)

(40)Tdecay(z, τ)− Tinit(z) = �t =
Flux(z)

π
(

r2∞ − r2b
)

�hcsρs

(41)Flux(z) = −fluxradi(z, τ)�hτ

(42)π

(

r2∞ − r2b
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(

Tdecay(z, τ)− Tinit(z)
)

�h = −
fluxradi(z, τ)�h

csρs
τ

(43)Flux(z) =
�

i



−fluxradi(z, τ)�h+
�

j

fluxvert(z, τ)�Sj
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The heat flow flux extracted in the vertical direction fluxvert(z, τ) is:

where Ts,z+dz , Ts,z−dz , �s,z+dz , �s,z−dz are temperature and thermal conductivity of the 
segments right above and right below the segment at depth z , respectively.

Further, the radial heat flux density distribution fluxradi(z, τ) along the depth of BHE 
could be determined from Eqs. 39 and 49 as:

B. Detailed heat transfer solution of the problem

Theoretically, temperature evolution of DBHE in the three zones: inner pipe, outer pipe 
and rock, are all unsteady state heat transfer problems, whose governing equations could 
be summarized as following:

For the inner pipe:

For the outer pipe:

where Rf 1 and Rf 2 are heat conduction resistance in the vertical direction of water in the 
outer pipe and inner pipe of DBHE, respectively, which could be determined as:

Here, �f  is the thermal conductivity of water.
For the temperature distribution outside borehole in the rock, it is assumed to be 

homogeneous circumferentially, so we have:

(44)fluxvert(z, τ) =
2
(

Ts,z+dz − Ts,z

)

�h
�s,z+dz

+
�h
�s,z

+
2
(

Ts,z−dz − Ts,z

)

�h
�s,z−dz

+
�h
�s,z

(45)

fluxradi(z, τ) = 2π�sA

= 2π�s

(

r2∞−r2b
)

(

Tinit(z)+
Flux(z)

π

(

r2∞−r2
b

)

�hcsρs
−Tf 1(z)

)

r2∞ ln
r∞
rb

−
1
2 r

2
∞+

1
2 r

2
b+2π�sRb

(

r2∞−r2b
)

(46)
ρcpπr

2
i �z

(

∂Tf 2(z)

∂t
+ u(z)

∂Tf 2(z)

∂z

)

=
Tf 1(z)− Tf 2(z)

R12
�z

+πr2i
Tf 2(z −�z)− 2Tf 2(z)+ Tf 2(z +�z)

Rf 2

(47)
ρcpπ

(

r2o − r2i
)

�z
(

∂Tf 1(z)

∂t + u(z)
∂Tf 1(z)

∂z

)

= fluxradi(z, τ)�z+
Tf 2(z)−Tf 1(z)

R12
�z + π

(

r2o − r2i
)Tf 1(z−�z)−2Tf 1(z)+Tf 1(z+�z)

Rf 1

(48)
1

Rf 1(z)
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1

Rf 2(z)
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2
(
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�f ,z+dz

+
�h
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2

(
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+
�h
�f ,z

)

(49)

ρcpπ
(

r2j+1 − r2j

)

�z ∂Ts(z,r,τ)
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where, Rl,s and Rr,s are the heat conduction resistance from the left side and right side 
of a given rock segment in the radial direction, respectively. Rv,s is the heat conduction 
resistance in the vertical direction.

Numerical schemes for Eqs.  46, 47 and 49 could be reformulated as 50–52, respec-
tively, by introducing the variables as follow-

ing:
R∗
12,2 = ρcpπr

2
i R12,R

∗
12,1 = ρcpπ

(

r2o − r2i

)

R12,R
∗
11 = ρcpπ

(

r2o − r2i

)

R11,R
∗
f 2 = ρcp�zRf 2,

R∗
f 1 = ρcp�zRf 1,R

∗
v,s = ρcp�zRv,s,R

∗
l,s = ρcpπ

(

r2j+1 − r2j

)

Rl,s,R
∗
r,s = ρcpπ

(

r2j+1 − r2j

)

Rr,s

:

where the subscript j denotes time step, n and m denote segment order of the discrete 
elements in the vertical and radial direction, respectively.

Solving the complex unsteady state heat transfer equations within the borehole 
coupled with rock outside the borehole based on the full discretization numerical 
schemes 50–52 requires a huge computational effort. Here, we carried out detailed sim-
ulation at refined time step and spatial resolution for the dynamic process, where the 
simulation results could be taken as a benchmark for the verification of the proposed 
efficient method.
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